This paper is devoted to a comparison of experimental, simulation, and theoretical results on the density of SiO 2 -B 2 O 3 -Na 2 O glasses. It is found that theoretical and simulation densities do compare favorably with experimental values yet simulations give a better estimate of the density of the samples. Furthermore, the structural make-up (i.e. types of borate and silicate units) of the ternary glasses and the volume of the elementary units have also been investigated with simulations and compared to theory. These results are found to compare favorably
Introduction
Sodium oxide (Na 2 O), boron trioxide (B 2 O 3 ), and silica (SiO 2 ) are the three major components of many industrial important glasses including: BOROFLOAT 33, Schott BK-7 Borosilicate Crown Glass, Corning Pyrex 7740 …. The uses of these glasses range from cookware to laboratory glassware to optical glass. Due to the varying applications, many studies have been conducted to understand how the molar mass of each component affects the ternary glass structure. These studies include several spectroscopic techniques such as Raman [1] [2] [3] , Infrared [4] , NMR [5, 6] …. Moreover, NMR measurements permit quantitative structural information by employing 11 B NMR [7] [8] [9] [10] and 29 Si NMR [11] . Subsequent studies suggest that the structural building blocks can be used to predict the densities of the ternary glasses [12] [13] [14] . A disadvantage to the structural building block models is that they are strictly based on least-square data fits.
Understanding the structural makeup of these glasses is by far more complicated than the previous papers imply. Thus experiments are used to investigate the density of seven ternary glass systems. In addition, molecular dynamics (MD) simulations are used to gather information on the fraction and volume of elementary building blocks and the overall densities of these systems. These results are compared and contrasted to other models and data acquired herein and from literature (compiled in Appendix A). This paper will first present a review of the structural makeup of the SiO 2 -B 2 O 3 -Na 2 O ternary glasses. In developing this section, the coauthors have scoured the current literature. All of the parts of the picture exist in literature, yet the comprehensive picture we are trying to bring has been alluded to but never realized. Section 3 depicts how the fractions of the structural units are used to estimate the densities of glasses in several models. The next two sections detail our experimental and simulation procedures. Afterwards is a presentation of the experimental and simulation results and how they compare and contrast with current theories.
Review of structural makeup
In general, ternary glass structures are complex glasses whose structure is dependent on its oxides and their relative proportion. Herein sodium borosilicate ternary glasses are composed of two network formers (SiO 2 and B 2 O 3 ) and one network modifier (Na 2 O) [15] [16] [17] . Pure silica (amorphous SiO 2 ) and pure boron trioxide form an amorphous network with no long range order. Despite the lack of long range order both silica and boron trioxide have short-and mid-range orders. The short range order of silica is a tetrahedron (SiO 4 ) and four bridging oxygen atoms. The mid-range order is the linking of the tetrahedrons to form predominantly 6-membered rings (number of silicon per ring) with some ring size dispersions [18] [19] [20] [21] [22] [23] . Similarly, B 2 O 3 has a mid-range order of boroxol rings (3 borons per ring) [24] [25] [26] . B 2 O 3 's short range order is a planar BO 3/2 group and has no non-bridging oxygen atoms (NBOs). (Borons with 3 bridging oxygen atoms attached to it shall be referred to as B3 henceforth.) Contrary to SiO 2 and B 2 O 3 , Na 2 O is an antifluorite crystal structure. Mixing two (i.e. binary glass) or all three components of the glass will lead to variations in the structure of the glasses as reviewed below.
Binary B 2 O 3 -Na 2 O glass
The structure of the binary B 2 O 3 -Na 2 O glass has been studied intensively over the past 60 years [10, 12, [27] [28] [29] [30] . The binary B 2 O 3 -Na 2 O structure has 5 well known structural units. The fraction of these units depends on the ratio R = [Na 2 O] / [B 2 O 3 ] where [·] ≡ mol% [8, 31] . As stated above a pure B 2 O 3 glass has a short-range B3 structure and mid-range structure of boroxol rings. Low quantities of Na 2 O (0-20%) added to the B 2 O 3 glass will predominantly convert B3 to a tetrahedral BO 4 structure (to be referred to as B4, boron with 4 bridging oxygen atoms) with an adjacent sodium ion forming Tetraborate units (chemical formula Na 2 O ⋅ 4B 2 O 3 ) [8, 32] . Additional sodium (20%-33%; 0.25 b R≲0.5) will convert Tetraborate units into a diborate group (chemical formula Na 2 O ⋅ 2B 2 O 3 )). Less frequently at low R, Na 2 O can also convert B3s to form planar BO 3/2 groups each with 1 NBO (nonbridging oxygen) and 1 Na + ion nearby (i.e. 2 Metaborate units, chemical formula (Na 2 O ⋅ B 2 O 3 )) [12] . However this conversion is rare and frequently ignored. Locally all R b 0.5 conversions correspond to R l =1 (local conversion ratio implying one Na + ion for the borate unit). For R N 0. [10, 12, [27] [28] [29] [30] .
As stated above, the fractions of structural units are dependent on the molar mass. Frequently fractions are noted by f i where i ranges from 1 to 5. The groups correspond as follows:
• f 1 : the fraction of planar BO 3/2 group with all bridging oxygen atoms ( For the case of low quantities of sodium (R b 0.5), Yun and Bray found that the glass structure is predominantly a mixture of planar BO 3/2 groups and BO 4 tetrahedra [7] [8] [9] [10] and the Metaborate, Pyroborate, and orthoborate groups are considered negligible. The fraction of B4 units, f 2 , was found to be .95R [8] experimentally and structural models conjectured f 2 to be R [32] . Considering experimental uncertainties these results compare favorably. Subsequent models are based on f 2 = R for R b 0.5. Thus, the fractions of each are estimated as follows:
The creation of BO 4 tetrahedra leads to the annihilation of planar BO [33] . Yet the equations of Subsection 2.4 give a reasonable estimate of the densities (presented in Section 3).
Binary Na 2 O-SiO 2 glass
The binary Na 2 O-SiO 2 glass structure has been studied via 29 Si MAS (magic-angle spinning) NMR measurements and Raman spectroscopy [12, [34] [35] [36] [37] [38] [39] . Five structural units are known to exist in this system, and they are dependent on the molar ratios of Na 2 Many authors use the lever rule [13, 12] or Gaussian fits to estimate Q i [14, 40] . Analyzing data in Maekawa et al.'s paper neither gives a sufficient estimate alone [40] . Moreover a Gaussian fit is not rational for Q 0 when it ideally should migrate to 1. Thus the following equations will be adopted to describe the Q i fractions:
[40] where A i , B i , and C i are the coefficients for the Gaussian fits (Table 1) . Details of how these equations are arrived at are presented in Appendix B. The formation of NBO actually leads to a secondary effect corresponding to a change in the volume. In the context of the silica tetrahedral structure, the variations which occur are: (1) the bond length between Si-NBO is less than 1.62 Å (i.e. the length between Si-O atoms in pure silica), and (2) the bond length between Si and bridging oxygen atoms increases [41, 42] . Experiments (neutron and x-ray Out of the three binary glasses systems the SiO 2 -B 2 O 3 glass system has been studied the least over the years yet still some work has been done [39, [45] [46] [47] . Boron atoms are three-coordinated and independent of the B 2 O 3 content, and silicon atoms are four-coordinated. The interconnection of the two networks (i.e. proportion of Si-Si, B-B, and Si-B connections) is important to the density measurements because the bond lengths between the Si-Si (~3.06 Å), B-B (~2.69 Å), and Si-B (~2.80 Å) connections are not equivalent [48] . Nevertheless, the amount of intermixing between the two networks is still an open question [39, [45] [46] [47] . Thus more experimental research is needed to conclusively tell the structure, and this is a subject outside of the scope of this paper. [10, 28, 29] on how the addition of sodium to binary SiO 2 -B 2 O 3 glass modifies the structural units of the system. Again we will use the nomenclature presented above. As presented by Feil and Feller [13] , the initial addition of sodium to a binary SiO 2 -B 2 O 3 glass leads to the creation of BO 4 tetrahedrons and the annihilation of a planar BO 3/2 group system. It is conjectured that the structure being formed during this transformation is a diborate group (2 4-coordinated borons and 2 3-coordinated borons with zero NBO). During this process the silica network remains undisturbed. Implying, the number of NBO, f(Si NBO ), on silica tetrahedrons is zero. This process continues until R = 0.5. Subsequently between R = 0.5 and R max ¼ 0:5 þ ð Þ ) [29, 51] . Otherwise the silica network remains fully coordinated with no NBO. Thus, the fractions between R = 0 and R max are estimated as follows [10, 13, 14, 28, 29] :
Ternary
Beyond this point, additional sodium goes to the formation of NBO on silica units in reedmergnerite groups. This transformation is proposed to be valid until R d1 = 0.5 + 0.25K. Thus, the fractions of each are estimated as follows [10, 13, 14, 28, 29] :
Subsequent molecules of Na 2 O are shared between the diborate and reedmergnerite units and the formation of NBO on silica tetrahedrons. During this process diborate units are transformed into pyroborate units (1 3-coordinated boron with 2 NBOs) at a rate of (2-0.25 K)/ (2 + K). Reedmergnerite units are transformed into pyroborate units and silica tetrahedrons with 2 NBOs per Si atom at a rate of (K + 0.25 K)/(2 + K). This process continues until all 3-coordinated borons contain at least 1 NBO (i.e. f 1 = 0) or R d2 = 1.5 + .75 K. Thus, the fractions of each are estimated as follows [10, 13, 14, 28, 29] :
This process continues until all borate units are classified as pyroborate units (f 4 ) and all silica units are free (i.e. no bridging oxygen atoms). Thus, the fractions of each are estimated as follows [10, 13, 14, 28, 29] :
where R d3 = 2 + K. Based on Eq. (6) after R d3 , the fractions can be estimated as follow:
Hence the silicate and borate structures are considered not to evolve. However, one would assume that f 5 units (orthoborate units) are formed in this region, but not much research currently exists to display the fraction of the system which should be devoted to f 5 . This is outside the scope of this paper, thus we will ignore the orthoborate units like our predecessors.
Over the past 20 years, the validity of these fractions has been questioned [31, 39, 49, [52] [53] [54] . One of the most interesting, and relevant, is the mixing of the borate and silicate phases as stated in Subsection 2.3. The fractions do not take this into consideration. Recent studies have tried to better model the mixing of the phases [31] , yet it is difficult to model with current experimental data.
Review of density estimates knowing K and R
Feil and Feller [13] proposed an equation to extract the density knowing K and R and the fraction of borate units. They proposed where M i (where i varies from 1 to 4) corresponds to the mass of the borate structural units and are text book values:
where M corresponds to the masses of the atoms specified. V i (where i varies from 1 to 4) corresponds to the volume of the borate structural units. Feil and Feller derived these values from the least square fits of density measurements. There values are reported in Table 2 . M′ and V′ correspond to the mass and volume of silica tetrahedral units, respectively. M′ is calculated as follows:
where M corresponds to the masses of the atoms specified. The factor ½ arises because K is inversely proportional to B 2 O 3 rather than BO 3/2 . To acquire V′, Feil and Feller applied a least square fit to Eq. (8) giving: Values of interest herein (percent of silica and boron ranging from 43% to 70% and 14.5% to 29% respectively) are consistently underestimated. The average error in the region of interest is 1.6% with a maximum error of 4.4%. Moreover, it should be noted that the density of pure silica using this equation is approximately 8% higher than the accepted value (2.38 g/cm 3 versus 2.20 g/cm 3 ). Budhwani and Feller [12] modified Feil and Feller's volume to a slightly more complicated volume term:
These results lead to slightly different values in the density estimate. However, values of interest herein are consistently underestimated. The average error in the region of interest is 4.5% with a maximum error of 7.5%.
Recently, Inoue et al. proposed a new equation to calculate the density [14] . They invoke the first-order mixture model on all components: 3 ) and sodium carbonate (Na 2 CO 3 ) powders were manually homogenized and put in a platinum/ gold crucible for the elaboration. The furnace's temperature was first maintained at 200°C for 2 h to dehydrate the orthoboric acid. Then the temperature was increased from 200°C to 800°C to ensure decarbonatation of the sodium carbonate and avoid bubbles and increased again between 1100°C and 1300°C for 3 h depending on the glass composition. The melt was removed from the furnace at high temperature and poured into a preheated carbon crucible. The crucible temperature was around the glass transition point (600°C). Subsequently the glass melt was placed in a second furnace and cooled at a slower rate (10°C/h) to release the residual stresses.
To verify the chemical composition a third party (PrimeVerre) has been hired to conduct the chemical analysis. Sample verification was carried out via SEM-EDS (Environmental Electronic microscope coupled with an Energy Dispersive Spectrometer) and/or ICP-AES (Inductively coupled plasma atomic emission spectroscopy). SEM-EDS results revealed small amounts of impurities, less than 0.5%. Results reported herein are from the ICP-AES measurements (Table 3) and have an uncertainty of 10%. Thus fabricated glasses are within the range of our target values.
Density measurements
The densities were measured at 24°C using a hydrostatic balance based on Archimedes' principle. First measure the specific gravity (SG) of the glass samples by weighting the sample in air, m d , and water, m w . Then by multiplying by the density of water, ρ w , one can arrive at the density of the sample, ρ g :
This process was repeated 5 times. Results herein are the averages of these 5 measurements.
Simulation procedures
Using molecular dynamics (MD) simulations one can gain access to the basic structural building blocks of ternary SiO 2 -B 2 O 3 -Na 2 O (SBN) glass systems. MD simulations are performed on SBN systems, using the empirical interatomic potential developed by Kieu et al. [48] . This potential incorporates the Buckingham potential with Coulomb interactions via an Ewald sum. Guillot-Sator potential parameters have been used to describe the Si-O, Na-O and O-O interactions. The parameters of the B-O interactions have been adjusted to fit density and elastic modulus properties on a large set of SiO 2 -B 2 O 3 -Na 2 O glasses. All the calculations are performed with the DLPOLY code [55] .
Initially independent cubical systems of 10,000 randomly placed Si, B, O, and Na atoms were prepared and equilibrated for 1 ns (time step was 1 fs) at 5000 K with a density 5% lower than the experimental density. Subsequently the systems are cooled to 300 K via a cooling process at a quench rate equal to 2 × 10 12 K/s. Then the equilibrium volume at ambient temperature is determined by an NPT calculation (10 6 time steps).
Finally, the structure is equilibrated in the NVE ensemble during 10 6 time steps using the equilibrium volume determined previously.
This process is repeated for all compositions presented in Table 3 . Structural analysis is done using 2400 different configurations taken during the final equilibration in the NVE ensemble. The delay between two successive configurations is equal to 400 time steps. These systems are used to gain access to the volume of the basic building blocks (f 1 , f 2 … and Q 4 , Q 3 …) of ternary SiO 2 -B 2 O 3 -Na 2 O glasses as detailed in the previous section. The volume of these different units has been calculated via Voronoi cells. The following method is applied: in the first step the Voronoi volumes of all the atoms in a particular atomistic configuration are calculated. Then the different local groups listed previously are identified in the atomistic configuration by considering the first neighbors of all the atoms. A network former plus an oxygen (F-O) pair is considered as first neighbors if the F-O distance is lower than the cut-off radius depending on the F type. The cut-off radii are 2.1 Å and 2.0 Å for Si and B atoms respectively. For the oxygen atoms, we have distinguished bridging and non-bridging ones. An oxygen atom is considered as bridging if it has two or more Si or B atoms in a first neighbor position. An oxygen atom is considered non-bridging if it has one or less Si or B atoms in a first neighbor position. So, every oxygen atom can be classified as bridging or non-bridging. No loose O atoms are detected. Some three coordinated O atoms are observed in some glassy compositions but the [3] O percentage never exceeds 2.13%.
Concerning the Na atoms, it is not possible to separate which atoms are in a charge compensating role around BO 4 groups, or in a modifying role near a non-bridging oxygen atom. So, in order to measure the volume of a local group containing Na atoms, the Voronoi volume of the Na atoms is defined as the average of the Voronoi volumes of all the Na atoms.
For a specific local group, its local volume is defined by the following equation:
where V V (F) is the Voronoi volume of the network former (Si or B atom) in the group. V V (BO) is the Voronoi volume of the bridging oxygen atoms, considered individually, and the sum is over all of the bridging oxygen atoms in a first neighbor position around the network former. It should be noted that the half exists because volume is associated to two network formers. V V (NBO) is the Voronoi volume of the NBO considered individually and the sum is over all of the NBOs in a first neighbor position around the network former. The last term corresponds to the N Na sodium ions participating to the local group multiplied by the average Voronoi volume of the Na atoms (calculated considering all the Na atoms in the structural configuration).
For each configuration presented in Table 3 , all f i and Q i are estimated along with their volume calculations. Moreover an average volume for each borate and silicate unit, V unit can be estimated as follows Table 2 ).
Results and discussion

Simulation results on the fraction of borate and silicate units
An advantage to MD simulations is that all the positions of the atoms are known. Thus the connectivity of the structure can be unveiled. Using the cutoffs presented in Section 5 the fraction of the different borate and silicate units can be estimated. Table 4 lists the % of molar mass of the systems simulated herein along with a direct count of the fraction of each structural unit. For comparison, the theoretical values (Eqs. (2) and (3)- (6)) for the fraction of each structural unit are presented for the target compositions (Table 4 ) and compositions as measured by ICS-AES (Appendix C: Table 10 ). In the region where R b R d1 (Table 5) , the fractions of borate and silicate units compare favorably with what is expected theoretically (Table 4 and Figs. 4 and 5) . Afterwards, the quantity of sodium ions attaching to the borate network is larger than what is expected in theories. This has several ramifications. First the simulated f 2 faction is smaller than expected by theory (seen previously in simulations [50] ) with the exception of high amounts of sodium (i.e. [Na 2 O] ≳ 35); on the other hand, f 3 faction is substantially larger than expected by theory. Secondly, there is a readjustment of the other borate units due to the increase in sodium ions in the borate network and the increase in f 3 elements. Finally the simulated silicate network is less touched by the sodium ions than expected in theory as represented by the high Q 4 fraction. On the other hand, when sodium ions do enter the silicate network they have a tendency to isolate the Si atoms more, represented by an increase in the fraction of Q 2 , Q 1 , and Q 0 elements. Table 4 The table is the fraction of borate and silicate units in MD simulations (gray rows) compared to the fraction of borate (Eqs. (3)- (6)) and silicate (Eq. (2)) units from theory for systems of interest (Table 3) . Uncertainties in all fractions for MD simulations presented in the table are less than 0.001. Appendix C ( Another aspect observed in simulations not considered in theory is NBO on the BO 4 elements. MD simulations do reveal that when R b R d1 a small fraction of BO 4 units do have NBO (Table 7) . However, as this number is small, neglecting it is not unreasonable. Yet when R N R d1 , the percent of BO 4 units with 1 or 2 NBOs swells to greater than 25% in the case of SBN35. The ramifications of this will become more evident in the following section on Voronoi volumes.
Voronoi volume elements from MD simulations
As stated above, MD simulations give access to the structure of various glasses atom-by-atom. Thus once the borate and silicate units have been identified elementary volume units are estimated via Voronoi volumes. Average results for each SBN glass are presented in [13] , and Budhwani and Feller [12] fits. The origin of these differences could originate from the fact that B 2 O 3 's short range order is a planar BO 3/2 group. Thus extracting a volume from a plane is somewhat problematic. Yet Voronoi cells do give us an insight on what it could be. Another interesting observation is that V 1 has a tendency to decrease as [Na 2 O] increases (Fig. 6a) . Furthermore this decrease appears to be dependent on K. It is known that adding Na atoms to a silicate network leads to a decrease of the free volume of the glass structure because the alkali ions occupy the interstitial sites [56] . Subsequently the average Voronoi volumes of the other chemical elements mechanically decrease, explaining the trends observed on Fig. 7 .
The unit volume of BO 4 groups (V 2 ) is larger than what is postulated by Inoue et al. and Dell et al. [10, 14, 28, 29] ; conversely, the volume of the silica tetrahedron (V ′ 4 ) is underestimated. There are several possibilities for this. The predominant effect is that again Na atoms reduce the amount of free volume in the glass structure. Secondly, theoretical studies group all BO 4 [57] ; and (2) broad asymmetrical pair correlation functions for the B-B and Si-B bond lengths [48, 57] . Furthermore, NBO on the BO 4 units exists in simulations and they have been grouped with fully coordinated BO 4 units (Table 6 ). It is unclear as to whether this is an artifact of the simulations or factual. However, these NBOs and variations in BO 4 units undoubtedly lead to volume variations based on the number of NBO on the BO 4 units. Moreover as in the case of the planar BO 3/2 group, both V 2 and V ′ 4 appear to be inversely proportional to [Na 2 O] (Fig. 6b and c) .
Metaborate (V 3 ), Pyroborate (V 4 ), and silica tetrahedrons with 1 NBO (V′ 3 ) or 2 NBOs (V′ 2 ) Voronoi volume units compare quite favorably with theoretical values. On the other hand, silica tetrahedrons with 3 NBOs (V′ 1 ) or 4 NBOs (V′ 0 ) Voronoi volume units do not compare favorably with theoretical values. This is substantially due to a lack of experimental data in which to derive theories from and the small fraction of these units in the MD simulations. On the other hand, Inoue et al. predict that V′ 1 is the smallest of all the silicate units [14] . This is an unrealistic presumption considering that the V′ 1 entity has 3 NBO and 3 Na + ions to compensate the local charge.
In general, all local volumes of borate units and Q 4 , Q 3 , and Q 2 silica units have a tendency to decrease when the Na 2 Fig . 6 . Depicts the dependence of the volume of (a) the planar BO 3/2 group, f 1 ; (b) the BO 4 group, f 2 ; and (c) the Q 4 group versus the sodium concentration for MD simulations. Colors represent the K grouping: red diamonds K~3.75; green triangles K~2.12; and blue square K~1.83. Lines connecting data points are for the eye. Clearly the volume of these structural units decreases with increasing sodium concentration. Also a dependence on K is evidenced.
Table 7
Elementary volume elements of the borate and silicate units extracted from MD simulations using Voronoi volumes for each glass. The units of which are cm 3 /mol. The weighted average takes into consideration the fraction of each unit in the glasses. Inoue's values are shown for comparison.
Reference/ Name
Borate units Silicate units difference. These results also compare favorably with density estimated by invoking Voronoi volumes from each chemical composition (ρ V , less than 0.5% maximal error and on average 0.3% error). Both Inoue's (ρ Inoue Target ) and weighted average Voronoi volume (ρ bVN ) give reasonable estimates for the densities studied herein (average % error is 1.2% and 3% and the maximal error of 5% and 6% respectively). However, these results are not nearly as precise as the MD simulations and chemical composition Voronoi volumes. Inoue's values do correspond better when using chemical compositions measured via ICP-AES molar masses (% error 0.4% and maximal error of 1%).
A secondary observation is that the differences in the fractions and elementary volume units between theory and simulations are masked in the overall density measurements. Thus more precise experiments are needed to better determine the fractions and elementary volume units. A study of this caliber will have to include a secondary method to verify the chemical compositions of glasses; otherwise it is hard to pin point the exact causes of the discrepancies.
Conclusion
Theoretical fits to real data do provide a suitable first estimate for densities. On the other hand, MD simulations reveal that the local volumes of the borate and silicate units have a tendency to decrease when the Na 2 O concentration increases; a point excluded from theoretical fits. This correlation is probably linked to the Na behavior in the silicate network. In fact, Na ions introduced in a homogeneous silicate network occupy interstitial free volumes, leading to a decrease of the average Voronoi volumes of the other chemical elements. Hence a decrease in the local volumes of the borate and silicate units arises when the Na 2 O concentration increases. (6)) and silicate (Eq. (2)) units from theory along with Inoue's theoretical volumes (Table 7) . Voronoi volumes for extracting densities from each chemical composition (ρ V ), and the weighted average Voronoi volume (ρ bVN ) invoke the fraction of borate and silicate units and Voronoi volumes estimated from simulations.
Name
Target values 
ICP-AES
).
Herein the shifts between the densities are estimated directly, and the density estimated from the local volumes measured in the MD cells is always less than 0.3% and 0.5% with chemically dependent Voronoi volumes. Thus MD simulations give a better estimate of the densities than previous theories.
The fraction of f 1 and f 2 borate units for the different chemical compositions is globally coherent between the model and the MD simulations for R b R d1 . On the other hand the f 3 proportion is significantly larger and the f 4 proportion is smaller in the MD simulations than in the theoretical models. Another major difference between the simulations and theory is the percentage of Na 2 O associating with the silica network after R d1 is lower than theorized. At this point in time we are unsure if this is an artifact of the potential or factual. More precise experiments are required to respond to this question.
For the researcher's convenience, an up-to-date electronic version of the data can be found on the corresponding author's website.
[Na 2 Commonly it is assumed that low quantities of Na 2 O will convert bridging oxygen atoms to NBO (i.e. Q 4 → Q 3 ) in a sliding rule fashion: Table 9 Coefficients for Gaussian fits done by matlab's curve fitting toolbox. Best fits (Q i
Best
) are presented to show that continuity fits (Q i C ) are within the bounds of the best fits' 95% confidence bounds. From henceforth continuity fits will be used. (Table 9 ) [40] . Eq. (18) can be used to estimate the annihilation of Q 4 units just until J = 0.5 after which Q 4 = 0. This fit is not perfect due to incomplete transformations and the formation of Q 2 ( Fig. 9 dark gray line). Hence a better fit in this region (0.25 b J b 0.5) comes from:
Combing the Eqs. (18) and (19) gives the best fit: 
It should be noted that the best fit leads to a discontinuity at J = .25. Thus parameters have been slightly adjusted to maintain continuity; however selected parameters are within the 95% confidence bounds as calculated by Matlab's curve fitting toolbox. A similar scenario occurs at J = 0.25 for Q 3 . Q 2 has been fully fitted by Matlab's curve fitting toolbox and coefficients presented in Table 9 sufficiently model Maekawa et al.'s data (Fig. 9 ). For both Q 1 and Q 0 , the data is rather insufficient for complete fits; hence several assumptions have been made. In the case of Q 1 the full width at half maximum (FWHM) has been set to 1.88 (implying C = 0.8). This choice was made as it was in agreement with the FWHMs of Q 4 , Q 3 , and Q 2 . For Q 0 , an assumption would be that the fraction of Q 0 would migrate to 1 as the sodium content increases. Hence a logistic function is the rational choice: 
